Chuong 4: Dinh thirc

CHUONG 4: BINH THUC

41 HOAN VI VA PHEP THE
Dinh nghia 4.1:
1) Méi song anh O : {1,2,..., n} —> {1,2,..., n} duogc goi 1a mot phép thé bac n.

Ta thuong ky hiéu mot phép thé bang mot ma tran co hang thir nhat 1a cac s6 1,2,...,n sip
theo thtr ty ting dan con hang thir hai 14 anh cta no:

1 2 .. n
O =
ol o) .. o)
2) Anh cia mot phép thé duge goi 14 hoan vi. Vi phép thé O ta c6 hoan vi twong tng
[c() o) .. o)
3) Déu ctia phép thé:
Cho hoan vi [6(1) &(2) ... o(n)], nbucécip i< ma o(i)>o(j) thi ta noi
c6 mot nghich thé cua o .
Gia sir k 1a s6 cac nghich thé ciia o, ta dinh nghia va ky hiéu ddu cua phép thé o 1a
_ k
sgno =(-1) 4.1

Ta dé dang kiém chiig duoc rang tap cac phép thé bac n véi luat hop thanh 1a phép hop cta

hai anh xa tao thanh mét nhém khong giao hoan, goi 1a nhom ddi xtrng bac n, ky hiéu S n-

Trong chuong 1 ta da biét tap S, c6 dang n! phan tr. Chang han S c6 2 phan t, S5 c6
6 phan tir ...

] 1 2 3 )
Vidud.l:Hoanvi [l 3 2] tmg véiphép thé o = L ; 2} c6 mot nghich thé. Vay
_ 1 _
sgno =(-1) =-1.
Pé tim s cac nghich thé k ciia phép thé O ta thuc hién cc budc sau:
Trong hoan vi [0(1) o2) .. G(n)] c6 I, la gia trj sao cho o (i]) =1.
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¢ Goi kl 1a s6 cac s6 trong [O'(l) oc2) .. O'(n)] ding trude o (i) =1;

¢ Xoa s6 o(ij) =1, ton tai iy sao cho o(ir) =2, goi kzla‘l sd cac s con lai trong
[c() o(2) .. o(n)]dingtruse o(ir)=2;

¢ Xodsé o(in) =2 vatiép tuc dém nhu thé ...

Cubi cung s cac nghich thé ciia O 1a:

k=ki+ky+..+k,_
Vidu4.2: Hoanvi[3 4 2 1]coky=3,ky=2,k3=0.
Vay k=5 vasgno :(—1)5 =—

Tinh chat 4.1:
1) Cap (i, ), i # j 1a mot nghich thé ctia phép thé & (nghiala i < j va o(i) > o ()))

khi va chi khi d4u cua M bang —1. Vay
1=
sgno = H da (G(Z) dj)j 4.2)
1<i#j<n J

2) Chuyénvi o =[ig jo] 1a phép thé chi bién déi hai phan tir iy, jo cho nhau va giit

nguyén cac phan tir con lai:

1 2 ... iy .. Jo .. n
o= 0 A 43)
1 2 . jo & M > n
Dé dang tinh duge:  kj =... = kio—l =0, kio = jo — o>
ki0+1 =...=kj0_1 ¥ 1 kJO :'":kn =0 = k=2(j0—i0)—1

Viy sgno = (—l)k = —
3) Véimoi o, 4 €S, : sgn(oco ) =sgnosgn . (4.4)

That vy, khi (i, /) chay khip tap {1,2,...,n}x{1,2,...n}\{(L]),...,(n,n)} thi
(u(i), 1(j)) ciing chay khap tap nay. Do do:
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sgno = H da (G(Z) O_(])j H dafu(a(ﬂ(i)')—g(ﬂ(j))]

1<l;t]<n J IS,u(i)i,u(j)Sn lu(l)_:u(])

_ i G(ﬂ(i))—a(ﬂ(j))j'
[l a“[ ()= )

1<i# j<n

senoseng— ] déu(a(ﬂ(i))—ﬁ(ﬂ(j))) I dau(u(z) umJ

1<i# j<n (D) = u(j) 1<i# j<n t=J

-] [6(#(1)) 6(#(]))j sl AR

1<i# j<n t=J
4) V6i moi chuyén vi [io Jo ] (xem 4.3) va phép thé O
sgno o [io jo]z —sgno.
4.2 PINH THUC

) ax + by =c
Khi giai h¢ phuong trinh tuyén tinh ta tinh cac dinh thac
a'x+by=c

a
D=

'

a

b c b
=ab'-ba',D, = =cb'-bc', D, =
b' ch 5

Al 40 o A At 912 N .
Nhu vay dinh thitc ctia ma tran A = vuong cap 2 la

ay a2

a an
4|
21 422

‘ FAe22 ~012421-

: . 1 2 I 2 )
Mat khac nhém doi xtng S, ¢ 2 phén t la 07 =|:1 2:| va 09 =|:2 1} c6 dau

sgnoy] =1, sgno, =-1.Viay

A = a a12 _
‘ ‘— - =dj1dp —appdajng

a1
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=8gNo| dig (1)%20(2) T S8NO2 A1, (1)920,5(2) = ngna No(1)¥20(2) -
oS,

Ta mo rong dinh nghia nay cho ma tran vudng cip 7 bat ky nhu sau.

Dinh nghia 4.2: Dinh thirc ciia ma trin vuong A = [aij ] duoc ky hiéu la

nxn
det 4 hay |A| va dinh nghia boi biéu thirc:
det A= ngl’lO' A1) Ao (n) (4.5)
oes,
Nhu vay dinh thirc cia ma tran vudng A4 = [aij ]nxn 1a téng tat ca cac tich gdm n phén tir

trén n hang ma & trén n cot khac nhau ctia ma tran 4 va nhan véi +1 hodc -1.

Vi du 4.3: a) Nhém d6i xtmg S ¢6 6 phan tir [a (xem vi dy 1.23 chuong 1)

1 2 3 1 2 3 1 2 3
o1 = , O = , 03 = )
{123} {132} {213}

12 3 1 2 3 1 2 3
e , 08 = ,6: .
94T, 3 11°97 3 1 2179973 2 1

c6 diu sgno| =sgnoy =sgnos =1, sgno, =sgnoz =sgnog =—1 . Vay

a app a3
ay] ay ay|= ) sgno a15(1)%20(2)%30(3)
a3 azy azy] O
=4a11a22a33 —a1a3a3p —a)pa21a33  (4.6)
+ajpajsaz) +ajzaziazy —ayp3andsg.

a1 4412 413 .- dp
6122 a23 azn
b) Tinh dinh thiec D,, = ayy ... azy

O

Ann
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1 2

o A _ . _ 0_
Xét phép the o = { 2 co Sgno( = (— 1) =1.
n

Véimoi o €S, néu 0 # o thiton tai k sao cho o(k)#k = ton tai k' sao cho

o(k"Y<k' = Ao (k") = 0 = Ao (1)-Ano(n) = 0. vay

D, = ngna-ala(l)...ang(n) =SgNoy( - ay1...Apy = A1 1Ay - (4.7)

oes,
e
azy 42
Tuong ty D'nz asz|] azpy azy =ay].--uy - (4.8)
Apl 4p2 Ap3 ... dpp
O
ajz n—-1 aon
¢) Tinh dinh thaic D", = : :
an_l’z Ay_1n
anl aun Aun

1 2

Xét phép thé o 1=
n n—1

n
1:| thoamédn oy (k)+k=n+1, Vk=1,.,n.

Ta dé dang tinh duoc

kl =n—1, k2 :n—2,...,kn_1 =1 :>k:1+...+(n—1):n(n—1)/2

= sgnoj = (_l)n(n—l)/Z' Mat khac véimoi o € §,,, néu o # o] thi ton tai K sao

choo(k)+k<n+l = Ak (k) =0 = a1 (1)--Ano(n) =0.

vay D", = ngna ‘Al (1)--Ano(n) =SBNOY Ayl Ak y—f--Alp
ces,

-1)/2

= (—l)n(n )/ Ap1-- Ak gk -n 4.9)

Tuong tw
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a1 42 - Ap-1 An

dazp 4z - 42p-1
Dmn — K : — (_1)11(}’1—1)/2

anl :

Dinh nghia 4.3: Dinh thitc cia ma trin 4 = [aij ]nxn cua hé véc to {Vl - vn} ung voi

Anl A n—f Ay - (4.10)

coso B trong khong gian véc to V cling duogc goi 1a dinh thirc ciia hé véc to {Vl seees Vi } va ky
hi¢u D {v,...,v, }. Vay
Dy {viy., vy, f=det 4. (4.11)
43 CAC TINH CHAT CO BAN CUA PINH THUC
Tinh chét 4.2:
1) Néu di chd hai hang ctia ma tran thi dinh thirc d6i dau:
a;j néu i #k,m
—_— . v: '.. '..: . A .: 1 ':—
A—[ay]nxn , A [ay]nxn ,a'jj=qa néu i=m thi det 4 det 4.
ay; néu i=k

That vay: detA'= ngna-a'la(l)...a'ka(k)...a’mg(m)...a'ng(n)
oes§,

= ngna-alo(l)...ama(k)...aka(m)...ana(n)

oes,

= ngna-alav(l)...akov(k)...amav(m)...a,wv(n)
ces,

=— 2sgn 0'-a10v(1)...am6'(k)...akgv(m)...anav(n) =—det4
o'eS,
trongd6 o'=0 o [k m]

2) Pinh thtc ¢6 tinh chat tuyén tinh d6i véi mdi hang:

Cho hai ma trin 4 = [aij ]nxn , B= [bij ]nxn vama tran C = [Cij ]nxn c6 hang thtr k

1a t6 hop tuyén tinh ciia hang thik cia A va B.
66



Chuong 4: Dinh thirc

Cl'j:aij:bij néu i #k
Nghia la . .o
iy =aag + Bby;; voéimoi j=1,...,n.

thi detC=adet A+ fdetB.

That vay: detC = ngno-'Cla(l)“'cka(k)"'cna(n)
oesS,

= Z SgNO - Ay (1) (X Ak (k) + BOko(k))--Ano(n)

oesS,

= ngna- ala(l)...akg(k)...ana(n) + ,3 ngna'bla(l)"'bka(k)"'bna(n)
oeS, oESy

=adetA+ fdetB.
3) Tir 1) va 2) suy ra rang trong mot ma tran c6 hai hang ty 18 thi dinh thirc bang 0.

4) Néu ta cong vao mot hang mot to hop tuyén tinh cic hang khac thi dinh thirc khong
thay d6i.

5) Pinh thirc cia ma tran chuyén Vi béng dinh thirc cia ma tran do:

Giasu A= [al] ]nxn , At = I:a'ij]nxn’ a'l-j = aj,-,i,j :1,...,7’1

thi det A’ =det 4.

detd' =} sgno - a'io(t)- ko (k) no(n)

oes,

= ZSgna ; aa(l)l...aa(k)k...aa(n)n
oes,

= Z Sgno - ala_l(l)'"akc_l (k)"'ana_l(n)
oes,

_ yi _
= Z sgno alo__l(l)...ako__l (k)"'ana_l(n) =det 4

oes,

vi sgno =sgn ot
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6) Tir 5) suy ra rang cac tinh chit cua dinh thirc dung voi hang thi ciing ding véi cot va
nguoc lai. Vi vay ta chi can chimg minh cac dinh 1y vé dinh thirc dang v&i hang. Chéng han, tir 4)
suy ra néu ta cong vao mot cot mot to hop tuyén tinh cac cot khac thi dinh thirc khong thay doi.

Dinh thirc ctia moi hé véc to phu thudce tuyén tinh déu bang 0.

7) det(A4)(mod p) = ngncfﬁla(l)..ﬁng(”): ", (4.12)
oesy A2 .../ s,
Vidu4.4:
a 1 1 .. 1] la+n-1 1 1 .. 1
Il a 1 ... 1| |a+n-1 a 1 .. 1
ayD,=|1 1 a .. l|=la+n—-1 1 a .. 1| (congcaccodtvaocotl)
1 11 ... al |la+n-1 1 1 .. a
1 1 1 1 1 O 0 0
1 a 1 1 1 a-1 O 0
=(a+n-H1 1 a .. l|=(@+n=-1D1 0 a-1 .. O
1 1 1 fa I 0 0 ... a-1
_ n—1
= D,=(@+n-1)(a-1)" ".
b) A:[al-j]nxn VoI a,-j:il
-S> 1
det(4)(mod2)=|: . :|=0(mod2) = det A chin.
N . 1

44 CAC CACH TiNH PINH THUC
4.4.1 Khai trién theo hang, theo cot
Néu ta nhém theo cot thir j cong thire (4.5) thi ta duge:
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det4= alj ngno' . aza(z)a3o.(3)...ano.(n) +
oeS,.o(l)=]
+612j ngno-.alg(l)a3g(3)...ana(n) +...+
oeS,,0(2)=j
+dy ngnff "ANo(1)20(2)-An-1o(n-1) |-
oeS,,o(n)=j

Vi vy dinh thirc cia ma train A dugc viét lai dudi dang

detA:alelj +...+anjAnj 4.13)
goi 13 cong thuc khai trién ctia A theo cot thi j.
Aij duogc goi 1a phan bu dai sb cua aj; -
Dinh Iy 4.3: A =(=D)" M, (4.14)

Trong d6 M ij 1a dinh thtrc ctia ma tran cép n-1 c¢6 dugc bang cach xo4 hang i ¢ot j ciia ma
tran A.

Chiing minh: Truéc hét ta chitng minh 4y = M. Taco:

— — 1 —
4, = ngna Aoyl ey = ZSgHO' Ayoiiy By = M)

oeS,,o(1)=1 o'esS,

voi o'= o" {2,...,n} 1a phép thé trong tap hop {2,..., n}

Truong hop 4 bat ky, ta thuc hién i-1 1an d6i chd cac hang va j-1 1an ddi chd cac cot dé

dua vé hang 1 cot 1.
. _ (i-D+(j-1 _ i+J
Dods Ay =(-DVTU g = (-1 My,
Cong thirc khai trién theo hang i duoc suy tir tinh chét 3.7: 6)
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det 4= ailAl-l +...+ al-nAl-n 4.15)
1 2 3 4| 97%7% 2 2 2
10 1 2774 o 0 o0

Vidu4.5: D= =

Y < S TS T 3 -1 -4 -6
1 2 0 -5 1 2 & /&

2 2 2| |2 0 0
=-D* a1 -4 —g=--1 -3 -5
2 -1 -7 |2 =3 =9

15
=Fﬂﬁm4%J=4@—$:44

4.4.2 Pinh Iy khai trién Laplace (theo k hang k cot)

T matran 4 = [aij] ta dé y k hang: oeees I VakcOt: J1,eeny J -

nxn
Giao cua k hang k ¢0t nay 1a mot ma tran cép k. Pinh thirc ciia ma trén nay duoc ky hiéu la

M/t 7k Néu tirma tran A ta xoé di k hang ij...., i vak cot Ji,..., jj thitaco ma trn con
1 5esl 19200k 1s-0 Jk

cép n-k. Pinh thirc cia ma tran nay dugc ky hiéu la ]\_4‘1111 ’m;.ik va
PRy (_1)11+...+zk YV, o ) ]\_4{1""’.]]{ (4.16)
Uoseenslf seenslf
duogc goi 1a phan bu dai s6 cua MZ.J1 ’"'l’.]ik )
1see+s
arilr 412 a13 44
a a a a
Vidu4.6: A= T 22 23 24
a3] 4d3zp 43z dzg
| d41 A4 443 Q44 |
a a a a a a
Cé M1233 _|“12 13 , A1233 :(_1)1+3+2+3 21 24 _ _|#21 24 '
432 433 as)  aga|  |ag) agg
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Dinh 1y 4.4 (Laplace):
1) Khai trién k hang iy ,..., . :
detd= > MIdk gk (4.17)

oeeoslf Uoeeoslf
I<ji<.<jp<n

Dinh thtrc cia A bang tong tat ca cac dinh thirc con cap k nam trén k hang I1,..., i} nhan
v6i phan bu dai sb trong tmg cua no.

2) Khai trién k ¢ot ji,..., i

det A= Z MIVoTk gI1 Tk (4.18)

Uoeeslfp [ oeenl
I<ij<.<ip<n

Dinh thire ciia 4 bang tong tit ca céc dinh thitc con cip k nam trén k ¢ot  ji,..., j . nhan
v6i phan bu dai sb trong tmg cua no.
bac biét khi k =1 ta c6 cong thuc khai trién theo hang va theo c6t (3.4).

Chimg minh: Truong hop i} =1,..., i} =k:

L.,k _
Mg = D Sen0 - dig(1) Ao (k)
oesS;
—1,....k , 1,...k
M7 = D SENG apiio (k) o' (n) = A7k
o'eS,_k

Ung véi mbi phép thé o cua tap {1,...,]{} va o' cia {k +1,...,n} thi phép thé M co
ho4n vi twong tmg [O‘(l),..., o(k),oc(k+1),..., O'(n)] ¢6 s cac nghich thé bang sb cac nghich

thé clia & cong v&i s6 cac nghich thé ciia 0. Do d6 sgn £ =sgn o -sgno'. Vi vay médi tich
SgN O - A1g(1)+Ako (k) “SENO Ak +16"(k+1)-Ino'(n)

1a mot hang tir trong tong cua det A. Noi cach khac M L. M k chi bao gom cac

,..

hang tir ciia det A4 ; n6 1a mot bo phan trong biéu thirc téng cua det A. Truong hop tong quat

Mljl ” ;Zk ta bién d6i hang va cot ciia det 4 dé dua Mjl’ ’Jk vé dinh thirc con bac k goc
l’ ° 7 * k

trén bén tréi. Ta thuc hién i) —1 1an doi chd hang thtt I, ¢ dua vé hang thtt 1, ..., i — 1 1an doi
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chd hang thir ij d¢ dwa vé hang thir k. Tuong tu d6i chd j; —L,..., jz —1 lan d€ dua céc cot
J1oees Jk vé cac cot 1,..., k. Vi vy dinh thire doi ddu

(_1)(i1—1)+...+(ik -D+(j1-D+..+(jr -1 _ (_1)i1+...+ik +1+F .

37 1Tk
Khi d6i vi tri nhu vy dinh thice bu cua Mjl’ ’]k van la le i
, . k ]

Do dé Afl’ Ik = (L)t tE ke vk

, nhu vay cac hang tir cua
:lk sl

Mijl"";.Jk 'Aijlwz"]k ciing chi 1a cac hang tir cua det A4 .
Ioeeorlf Loeeosl

Mit khac mdi Mjl’ ’Iik Ajl’ ;Iik c6 k!(n—k)! hang tir. S6 cac dinh thiic con
15 ) X3

Mljl’ ’Zk trén k hang iy,..., i} bang sb cac td hop n chap k va bang Cn . Cac hang tir cua
1seeesl

. . . . oy o
M‘]la---a.]k A]l:?]k va M] l:--:v] k A] 19--::] k
Uoeeoslf oeeoslf oeeoslf oeeoslf

{jlﬁ"'ajk}i {j'l ,...,j'k}.

khac nhau tung d6i mot ncu

Do d6 tong Z Mljll’ ’ZkAljll’ i\ co C,lfk!(n—k)!:n! hang tir phan
1Sj1<...<jk <n

biét cia det A nhung det A ciing chi c6 7! hang tir. Vay mdi hang tir cia det A déu 1a hang tir

\ Lo N o ¥/ & Y ) T dk . < < . )
nao d6 ctia mot trong nhirng Mil,...,ik Ail,...,ik voi 1< J1 <--<Jp=Sn.Vaytaco
dédng thirc (3.6).

Cong thirc khai trién theo cot (3.7) duoc chimg minh truc tiép hoan toan twong ty cach trén

hoic co thé suy ra tir két qua trén va ap dung tinh chat det 4 = det AL

a11 alk O O
Vidud7: D. — akl akk 0 0
. . n_
11 - 9k+1lk | Y+lk+1 - Qk+1n
anl - Apk Akk+1 - Apn
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ar - k||9%k+1k+1 - Gk+ln

arr - Akk|| Ank+1 e Ay

Vi MY =0 néu (e i} 2 k)

Vi du 4.8: Véi moi ma tran cung cip 4, B ludn co6 det AB = det AdetB.

That vay, gia st 4= [aU ]nxn B = [bij ]nxn ’

n
C=aB=le;] . o= ayby
k=1

Xét dinh thuc cép 2n:

Y00

Khai trién Laplace theo n hang dau ta c6 D,,, = det A det B . Mit khéc, nhan by véi cot

1, by1v6i cot 2,..., b, v6i cot n cia D5, xong cong tit ca vao cot n+1 thi dinh thae Dy, tré
thanh:

all aln Cll O O
Ds anl Ay ¢ O 0
. =
— I, 0 b by
-1 O :
O -1 0 bn2 bnn
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Ti€p tuc bién doi twong tu nhu trén cudi cung dugc:

all aln Cll Cln

anl a,m Cnl cnn

Pan=| ). O 0
"1 O

O ™10

-1 O 1 -« Clp
Dy, = (_1)l+2+...+n+n+1+...+2n - 1\ 27 N :
O =1 Cul - Cun
2n(2n+1)+n
=(-1) 2 -detC =detC.

4.5 UNG DUNG PINH THUC PE TIM MA TRAN NGHICH PAO
4.5.1 Dinh nghia ma trin nghich dao

Ta di biét vanh (JZH ,-|-,.) cac ma tran vudng cip n la khong nguyén, vi vdy v6i ma tran

vuong cho trudc chua chac da c6 ma tran nghich dao doi véi phép nhan ma tran.

Dinh nghia 4.4: Ma tran vudng A duoc goi 1a kha nghich néu ton tai ma tran vuong cung

cap B saocho AB=BA=1.

Phép nhén ma tran c6 tinh két hop nén ma tran B & dinh nghia trén néu ton tai thi duy

nhat, ta goi ma trin nay I ma tran nghich ddo cua A, ky hiéu A7

4.5.2 Diéu kién cin va du dé ton tai ma trin nghich dao

Dinh 1y 4.5: (diéu kién can) Néu A kha nghich thi det 4 # 0 (lac d6 ta néi ma tran A

khong suy bién).
Chimg minh: A4 =7 = det Adet 4™ =det 44" =det I =1.
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1
Do do6 detA=—_1¢0.
det A
Dinh nghia 4.5: Ma tran B = [Aij ]nxn , trong do Az’j 1a phan bu dai s6 cua phan tir @,
ciamatran 4 = [a ij ] , duoc goi 1a ma tran phu hop ciua 4.
nxn

Dinh 1y 4.6: (diéu kién di) Néu det 4 # 0 thi A kha nghich va

ato B!, (4.19)
det 4

v6i B 1a ma tran phy hop ciua A.
Ching minh: Khai trién dinh thirc ciia ma tran A4 theo hang thr k ta dugc:
a4 + o+ ajp iy = det 4
Vay a;1Ag +...+a;, Ay, 1a khai trién theo hang thir k ciia dinh thirc ciia ma trén c6
duoc bang cach thay hang thir k ciia A boi hang thiri cia A4, do d6 bang 0.
det4d néui=k

] — AB' = (det A)I.
0 néu i #k

Tom lai al-lAkl +...+ ainAkn = {

Tuong tu, khai trién theo cot ta co:

det4 néu i=k

= B'A=(detAd)I. 420
0 néu i #k

ah-Alk +...+ am-Ank :{

Hé qua 4.7: Néu BA =1 hoic AB=1 thi ton tai A Naa =B
Chimg minh: BA=1 = detA#0 = 47! va

B=B(A4 Y =BHA" = 47"

1 2 3
Vidu4.9: Matran A=|2 5 3|codetd=-1.
1 0 8
5 3 2 3
1+1 1+2
A1 =(-1 =40, Ay = (-1 =-—13,
11=0-D 0 8‘ 12=0-D : 8‘
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2 5 2 3
1+3 2+1
Ajx =(—1 =-5, Ari =(-1 =-16,
13 =(=1) | O‘ 21 =(-1) 0 8‘
1 3 1 2
2+2 2+3
Ayy = (-1 =5, Ary =(~1 =2,
20 =(=1) : 8‘ 23 =(-1) : 0‘
2 3 1 3
3+1 3+2
A1 =(-1 =-9, Arr =(—1 =3
31=(-1) 5 3‘ 32 =(-1) ; 3‘
1 2
3+3
Azxr = (-1 =1,
33 =(-1) 5 5‘
Vay
| 40 -13 —5t 40 -16 -9 —-40 16 9
Al="1-16 5 2| =--13 5 3 |=|13 -5 -3|
-9 3 1 -5 2 1 5 -2 -1

4.5.3 Tim ma tran nghich ddo theo phwong phap Gauss-Jordan

Khi ta thuc hién lién tiép cac phép bién ddi so cip 1én cac hang ctia ma tran A dé dua A
vé ma tran don vi, theo tinh chat 3.5 chwong 3 thi diéu nay ciing c6 nghia 1a ta nhan bén trai ctia
A céc ma trén sao cho Ej..Ep A =1, trong 46 Ej,..., Ej 1a cac ma tran dang R(k,A),

P@,j), O(@, j,A) (xem 3.10, 3.11, 3.12). Mit khac theo Hé qué 4.7 thi A7l = Ey..Ey.

Ciing voi 18p ludn nhu trén ta c6:  Ey...E; = Ej...E; ] 1a ma trdn c6 duoc bing cach
thuc hién boi cling cac phép bién dbi so cdp tuong ing nhu da thyuc hién d6i voi ma tran A 1én

L s , A 1 R e S TN A -1 A .
cac hang ctia ma tran don vi . Vi vdy dé timma tran 4 ta thuc hién cac budc sau:

1) Viét ma tran don vi [ bén phai ma tran A: A‘]

2) Thuc hién cac phép bién ddi so cip ddng thoi 16n cac hang cia A|l dé dua ma tran A4

& vé trai vé ma tran don vi.
3) Khi vé trai tr& thanh ma tran don vi thi vé phai 1 ma tran AL
-1
Al — .......... —> 1A . (4.21)
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1 2 3
Vidu4.10: Tim A_1 vi A=|2 5 3
1 0 8
1 2 31 0 O on 12 311 00
—2h1+h2—>h2
2 5301 0 -m+h3—>h3 0 1 =3-2 10
1 080 0 1 ™ 0 -2 s5/-1 0 1

wom 12 3[1 00 4op 1.2 3[1 0 0
—hy >
ok 0 1 -3-2 1 0 3B 0 1 -3-2 I
2h h h
278780 0 —i-s 21 7 00 1]s -2 -1

“3ny+h >l 2 0-14 6 3 —3hhz+h]h—>h11 0 0-40 16 9
2 >h
3 vhy om0 1 0013 -5 -3 5>k 0 1 013 -5 -3

h3—>h3
0015 -2 -1 > 0015 -2 -
—40 16 9
Vay A7V = 13 -5 -3
5 -2 -]

Chiy4.8: Tim A_l theo phwong phap Gauss-Jordan s& dé dang khi cac phan tir cia A_l
1a céc s6 nguyén ( thuong gap khi det 4 =+1).

4.6 TIM HANG CUA MA TRAN BANG PINH THUC

Tir tinh chit 4.2 ta biét ring dinh thirc ciia mot hé phu thudc tuyén tinh bang 0. Do d6 néu
dinh thitc Dyg {V{,.ce ¥y } # O thi he {vy,...,v,, } doc lap tuyén tinh.

Nguoc lai, gia st hé {Vl R } doc lap tuyén tinh, ta s& ching minh

n
Dp,g {vl,...,vn } # (. That vay, gia st Vj = Zal-jei , A= [dl]] ,
i=1
detA=Dy {vl yeees Vi }, vi hé {Vl yeees Vi } doc 1ap tuyén tinh nén né 13 mot co so cia V.
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n
Viyaco ;=Y byvi, B=|b;] = AB=1 = detd=0. @)
i=l

Pinh 1y 4.9: He {vy,...,v,, } doc 1ap khi va chi khi Dz {v,...,v,, } £ 0.

Dinh 1y 4.10: Gia st A= [aij] 1a mot ma tran ¢& m X 1. Néu c6 dinh thirc con cép p
khéc 0 va moi dinh thirc con cip p + 1 bao quanh n6 déu bang 0 thi #(A4) = p.

Chung minh: Khong mét tinh téng quat ta co thé gia thiét dinh thuc con cip P goc trai

1 oes . r r A A A A A s 3 A J A Ja N LR A
1’ ’5 # (0. Khi d6 p véc to cot dau doc 1ap tuyen tinh, vi néu c6 mot véc to 1a to hgp tuyen

TS

M

tinh ciia p —1 véc to con lai thi mau thuin véi gia thiét Mll""’;: #0,dod6 r(A)> p.Tacan

»

chimg minh bt déng thirc nguoc lai.

Véimoi k=1,....,m; s=p+1,..,n; Xétmatrancip p+1:

ary alp als
a21 azp azs
B . . i . .
ap1 app aps
_akl akp aks_

Khi £ < p:Matran B c6 hai hang bang nhau, do d6 det B=0.
Khi k> p: det B=0,vi det B 1a dinh thiic cdp p +1 bao Mll""’g.
Mit khéc khai trién theo hang cudi ta duoc dang sau:
ap iy + ...+ ap i, +a MbP =0
ol el "~ kpHp ks™1,..,p
= g =/11ak1 +...+/1pakp ,voimoik=1,2 .., m

Vi vy véc to cot v 1a t6 hop tuyén tinh cia p véc to cot dau. Vay r(A) < p.

Hé qui4.11: A 13 mot ma trn s mxn thi #(4) = r(4") <min(m,n).
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Cha ¥ 4.12: 1) Tir cong thire (4.20) ta dd ching minh dugce néu A 1a ma tran chuyén tir tir
; . _ . , ,
coso B sang co s& P thi A4 I la ma tran chuyén tir tir co so B’ sang co sO P

2) Bé tim hang ma trin A ta tim dinh thic con cdp 2 khac 0. Bao dinh thirc nay boi cac
dinh thiic con cap 3. Néu tit ca cic dinh thirc cAp 3 bao quanh déu bang 0 thi 7(A4) =2. Néu co
dinh thirc con cdp 3 khéc 0 thi ta tiép tuc bao dinh thirc cip 3 nay boi cac dinh thirc cip 4...

2 1 =2
Vidu4.1l:a)Matran A=|—-2 9 -4 7
-4 3 1 -1
2 1 =20 |2 1
2 1
co =20, -2 9 —-4=-2 9 7|=0.
-2 9
-4 3 1 -4 3 -1
Vay r(A)=2
2 1 0 4]
-4 -2 1 =7 2 1 I O
b) Ma tran B = co =0 nhung =1.
3 I -1 4 -4 - - 1
|1 -4 3 =4
2 1 0
Bao dinh thtic nay béi dinh thirc cép3 -4 -2 1]|=1I.
3 I -1

Dinh thirc cip 4 duy nhit ‘B‘ =0.vay r(B)=3.

fa 1 1 1]
1 a 1 1
Vi du 4.12: Tim hang cia ma trin A =
1 1 a 1
1 1 1 af

Taco |4 =(a+3)(a-1)°.

Vay:  eKhi a#-3,a#1 thi r(4)=4;
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eKhi a=1thi r(A4A)=1;

1 -3 1
eKhi a=-3,]1 1 =320= r(4)=3.
111

Trong thyc hanh ta c¢6 thé két hop phuong phap nay véi phuong phap bién dbi so cap 1én
cac hang cac c)t ma tran thi qua trinh tim hang ma tran s€ nhanh hon.
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